ASYMPTOTIC BEHAVIOR OF SOLUTIONS OF THE EQUATION
OF HIGH-INTENSITY HEAT EXCHANGE
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The convergence of solutions of the equation of high-intensity heat exchange to so-
lutions of the classical problem of heat conduction is established when the relaxa-
tion time of the thermal process tends to zero.

Effects of high-intensity heat exchange are described by equations of the form 1]
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where € = 1Tr/To is a small quantity. Therefore, it is natural to consider system (1), (2)

as a system with a small parameter, and use asymptotic methods [2-5] for its analysis and so-
lution. Equations (1), (2) with € = 0 will be called unperturbed, while for € > O they are
perturbed. A quite general form of expanding solutions of Eq. (2) in powers of the small
parameter € was obtained in [6]. This expansion can be used to determine solutions of the
hyperbolic equation of heat conduction, Below we construct such an expansion, making it
possible to establish convergence of solutions of the perturbed equations to solutions of

the unperturbed ones for ¢ = 0.

We denote by qo(x, T), To(x, 1) the solutions of the unperturbed equations. Consider
the heat-conduction process in a layer of material of thickness I. We supplement (1), (2)
by the initial conditions

q(x, 0) = %(x), (3)
(4)
T(x, 0) = 8 (x), JlT_%‘-;—o—)- —~ 8, (x).
As boundary conditions we select conditions of type I:
T, V=0 () T 1) =(7) (5)
The solution of the boundary-value problem (2), (4), (5) is represented in the form

6
T{x, v, &) =To(x, 7)+eTilx, 1)+ (em(x) -+ e*ny(x))exp (———:—) +u(x, T, ), ©

where the functions To(x, 1), T:{(x, 1), m1(x), ma(x), u(x, 7, €) satisfy the following bound-
ary-value problems:
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or 0x2
oT ®T, &T
a-,] = Fo ale - 6120 ’ rl (x, 0) = — Ny (JC)', T1 (0, T) = T1 (l, T.') =O, (8)
T, (x, 0 . .
) =200 60, = TRED )y @) ~mi)=0; ©)
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ou ou 3 . . " @T(x, T
—a—;— 4 & P = Fo pw + Fo(em; (x) + e?n, (x))exp (-——'e—) —g? -—La(r-z-—_)—, (10)
u(x, O, s)=al—(":9§’—s) ~0, u(0, T &) =u(l, 7, &) =0.
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We allow that the functions wi(x) and 3°T,/97* be decomposed into uniformly (and ab-
solutely) converging Fourier series:

2Ty (x, T) nax (11)
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vhose coefficients are determined by the well-known equatioms of [7].

The function u(x, T, €) will be sought in the form of the series

(12)

.. nm
u(x, 7, &)= v u, (T, g)sin *
aund

n=1

We substitute (11), (12), into (10), obtaining a system of boundary-value problems to de~-
termine the functions up(t, €), n =1, 2, ...:

sd;, -+ d,, 4 (—'-’i;—t-)‘Fou,, = pn (%, &), iz,, (0, &) = u,(0, &) =0, (13)

pn (%, &) = Foexp ( ———) \j & 1, — e, (7). a

Ay

We denote the roots of the characteristic equation of problem (13) by k,; and k;:

b= — (1 + A%)2e, ky = — (1 — A3%)/2e, A, = 1 — 4Foe (nn/1)2. (15)
Solving problem (13) by the method of variation of arbitrary constants, we obtain
T
Spn(S, e) A% (exp [k (v — s)] —exp [y (t— )] ds for A, >0,
0

- s) ds for A, =0, (16)
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Substituting expression (14) into (16) and evaluating the integrals obtained, we have

2 T (17)
u, (T, &) = 2Foa,(1, S)V gitlay, —e? “ b, (z, £, )N, (s)ds,
= )
where
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Thus, the following representation is valid for the function u(x, T, €)

2

ufx, T, &) —2Fo}] gv! E a, (v, €)%, sin n:;x — g2 2 (S bp(, &, s)nn(s)ds)sm nl 8 (20)

It follows from Eqs. (18), (19) that for T > 0 and sufficiently small e>( we have for all
n= l, 2, vee

n==1{

Jan (, &)l <Cu, 1bn (v, ) <Cy. (21)

Indeed, Eqs. (18), (19) show that one must investigate the boundedness of the functions
an(t, €) and bp(t, €) at Ap + 0 and Ap ~ 1. Since |im [(exp(— AM’t/22) —exp (As*1/2€))/An%) =
1/2..9
An

—t/e, one can select the number §, > 0 in such a manner that |(exp(— ”2':/28) exp(A'/21/2 g))
/A,‘,/2|<T/8+0'1 as only 0 < Ar‘l/2 < 63, From Eq. (18) we obtain for 0 < A

[ exp(—1/28) (—:— -+ 0.1) + exp(— (1 — &)t/2¢e) -+ exp(—r/28) 4 2exp(—t/e)]. (22)
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Consider an(t, €) as An + 1. We transform Eq. (18):
on (5, &) = AL exp (— 7/2¢) (exp (— ”‘1:/23)—exp(-——’clas)) exp(— (1 — AY?)7/2e) —exp (— /) (23)
niby n 1— 1/9 1+Arlz/2 )
Since lim [(exp(—— "%/2e)~exp(——r/2 &)/ (1— ”2)1 = '
—A
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,one can select a number é; > 0 so

1

172
that |(exp(— 1/2'17/28) exp (—/2e)/(1— Ax ! I< + 0. 1 as only 1 — A,:‘l/2 < 63, We note that
for Ap >+ 1 we have, due to (15), 1 — Az/? = 7Foe (/1) ? > 2Foe(n/1)®. From Eq. (23) we ob-
tain for 1 — A3/? < &,

la, (T, e)l <<

[ exp(—7/2¢)(t/2¢ + 0.1) - (exp (— Fo(n/l7) + exp (——r/s))]- (24)
—8, —3&,

One similarly estimates apn(t, €) for An < 0. Estimates (22), (24) show that if ¢ is selected
to be sufficiently small, so that (t/e)exp(—t/2e) < §, then estimate (21) is valid for an(t,

€)e The functions bp(r, €) are estimated similarly.

Due to the absolute convergence of series (11)

= 25
V | < Co i =12, 2 M (8)] < C. (25)
n=l1
Expression (20) with account of (21), (25) lead to the estimate [u(x, T, &)|<CC X (2Fo(e? +¢%
-+ t22). Consequently, for finite time values

u(x, 7, &)= 0(e?). (26)

Expression (26) shows that the representation of the solutions of the boundary-value problem
(2), (4), (5) in form (6)-(10) makes it possible to investigate for ¢ + 0 the asymptotic be~
havior of the solutions of the hyperbolic equation of heat conduction accurately up to terms
in €2, It follows from Eq. (6) that for T.(x, 1), m1(x) and finite T values the solution of
the hyperbolic equation of heat conduction tends to the solution of the classical parabolic
problem uniformly in (x, ©), v==0, 0<<x<Cl
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We note that the function 3u/3x satisfies the system (10), whose right~hand side con~
sists of the functions w}''(x) and 3*%(aTy/9x) /81*. 'Thus, if expansions of the form (11) oc-
cur for the latter functions, then an equation similar to (26) is valid for du/3x. Conse~
quently, for ¢ - 0

OT(x, 7, 8) _ 0To(x, 1) (27)
ox Ox
. We write down the solution of problem (1), (3):

’ T . :
g(x T, e)::%(x)exp(—--_l)_;__l_ [ exp (___'v—s) (_A aT(x, s, ©) )ds‘
& & 5 . & ax

We assume that the temperature gradient 3T(x, T, €)/dx is a continuously differentiable func-
tion in 1. Using then integration by parts, we obtain:

L
oT (x, 0,S)exp<__;3_)4_gexp(__Y;:;f)_9~(A,§ZlfLEL£Q) ds. (28)
ox ' 4 % €

— aT (x, =, s)__ ,
g(x, 7€) A——-—————-ax +(x(x) LA % P

N

From Eq. (28) with account of (27) and the definition of go(x, 1) follows then for ¢ + 0 the
pointwise convergence q(x, T, €) > ao(x, 1) if T > 0. This convergence is uniform in (x, T)
: oT(x, O
for 10, 0! if u(x)=—~A———-(axT—-)-.

Thus, under conditions that the original data of the problem guarantee the required
smoothness of the functions mj(x) and T,(x, T), the solutions of the equation of high-in-

tensity heat exchange tend to the solutions of the classical problem of heat conduction when
the relaxation time of the thermal process tends to zero.

NOTATION

T, temperature; q, heat flux; x, a spatial coordinate; 1, time; A, dimensionless thermal
conductivity, A = AT*/Iq*; A, thermal conductivity; T* and q*, temperature and heat.flux
scales; Fo, Fourier number Fo = gqto/1*; a, thermal diffusivity; 7o, time scale; 7y, relaxation
time of the thermal process, and when the sign / is used in equations it is assumed that di-
vision is performed over all quantities appearing after this sign.
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